We extend our earlier work, regarding the perturbative stability of string configurations used for computing the interaction potential of heavy quarks within the gauge/gravity correspondence, to cover a more general class of gravity duals. We provide results, mostly based on analytic methods and corroborated by numerical calculations, which apply to strings in a general class of backgrounds that encompass boosted, spinning and marginally-deformed D3-brane backgrounds. For the case of spinning branes we demonstrate in a few examples that perturbative stability of strings may require strong conditions complementing those following by thermodynamic stability of the dual field theories. For marginally-deformed backgrounds, we find that even in the conformal case stability requires an upper value for the imaginary part σ of the deformation parameter, whereas in regions of the Coulomb branch where there exists linear confinement we find that there exist stable string configurations for certain ranges of values of the parameter σ. We finally discuss the case of open strings with fixed endpoints propagating in Rindler space, which turns out to have an exact classical-mechanical analog.
evaluating the potential for a quark-antiquark pair moving with respect to the thermal medium [14, 15, 16, 17, 18, 19, 20] . For this case, the potential has a similar form to that in the zero-boost case, namely it is a double-branched function of the length with the lower branch corresponding to a screened Coulomb potential, but the screening length falls off as the velocity is increased. For this background, a numerical stability analysis has been presented in [21] , indicating that the upper branch is perturbatively unstable.
A second class of such backgrounds are spinning non-extremal D3-branes [9, 22, 23, 24] , dual to N = 4 SYM at finite temperature and R-charge chemical potentials. The behavior is similar to that in the absence of chemical potentials, but the nontrivial dependence of the metrics on certain angles again calls for a stability analysis. Finally, a third class of such backgrounds are the Lunin-Maldacena deformations [25] (see also [26, 27] ) of D3-brane backgrounds, dual to the Leigh-Strassler [28] deformations of N = 4 SYM which break supersymmetry down to N = 1. These backgrounds are characterized by the two real parameters γ and σ. In the usual situation where the quark and antiquark are not taken to be separated in the internal space, only the σ-part of the deformation affects the potential (see [29] for investigations on the effect of γ-deformations), resulting in various behaviors ranging from the standard Coulomb behavior (for deformed AdS 5 ×S 5 ) to complete screening and linear confinement [30, 31] (for the deformed multicenter D3-branes).
To investigate the significance of these results, a stability analysis is again in order. We note that now the appearance of a confining potential is not in conflict with expectations from the gauge-theory side.
This article is organized as follows: In section 2, we give a brief review of the evaluation of
Wilson loops in the backgrounds under consideration.
In section 3, we analyze small fluctuations about the classical string configurations and we establish general results which allow us to determine the regions of instability using exact and approximate methods, generalizing the results of [13] to the non-diagonal case. In section 4, we apply these results to the gravity duals under consideration and we identify all unstable regions. In 
Wilson loops in AdS/CFT
In the framework of the AdS/CFT correspondence, the calculation of the Wilson-loop potential of a heavy quark-antiquark pair proceeds by considering a fundamental string whose endpoints lie on the two temporal sides of the Wilson loop, and which extends in the radial direction of the dual supergravity background so as to extremize its worldsheet area. This type of calculation was first considered in [2] for the conformal case and was extended to more general cases in [3, 4, 5, 15, 29] . Below, we give a brief review of this procedure, adapted to the case where the metric has off-diagonal elements in the directions transverse to the quark-antiquark axis and the B-field has nonzero components.
We consider a general background specified by a metric of the form
where, y denotes the (cyclic) coordinate along the spatial side of the Wilson loop, u denotes the radial direction extending from the UV at u → ∞ down to the IR at some minimum value u min determined by the geometry, x i stands for a generic cyclic coordinate, and θ a stands for a generic non-cyclic coordinate. We also consider a B-field of the form 2) as is the case with many interesting gravity duals of gauge theories [25, 31, 32, 33, 34] .
For future convenience, we introduce the functions g(u, θ a ) = −G tt G uu , f y (u, θ a ) = −G tt G yy ,
According to AdS/CFT, the potential energy of the quark-antiquark pair is given by
where S[C] is the action for a string propagating in the supergravity background whose endpoints trace the contour C. The latter is given by the sum of Nambu-Goto and Wess-Zumino terms,
where g αβ and b αβ stand for the pullbacks
To proceed, we employ the gauge fixing t = τ , u = σ , (2.7)
we assume translational invariance along t, and we consider the radial embedding y = y(u) , x i = const. , θ a = θ a0 = const. , (2.8) supplemented by the boundary condition
appropriate for a quark placed at y = −L/2 and an antiquark placed at y = L/2. In the ansatz (2.9), the constant values θ a0 of the non-cyclic coordinates θ a must be consistent with the corresponding equation of motion. As we shall see later on, this requires that
For the above ansatz, only the Nambu-Goto part of the action is nonzero, 1 leading to 11) where T denotes the temporal extent of the Wilson loop, the prime denotes a derivative with respect to u while g(u) ≡ g(u, θ a0 ) and f y (u) ≡ f y (u, θ a0 ). Conservation of the momentum conjugate to y implies that the classical solution y cl (u) satisfies 12) where u 0 is the value of u at the turning point, f y0 ≡ f y (u 0 ), the two signs correspond to the two branches around the turning point, and F is defined as
Integrating (2.13), we express the separation length as
while inserting (2.12) into (2.11) and using (2.4), we obtain the potential energy
When the integrals (2.14) and (2.15) can be evaluated exactly and the first one can be inverted for u 0 , these equations lead to an explicit expression for E = E(L). However, in practice this cannot be done, except for a few simple cases, and Eqs. (2.14) and (2.15) are rather regarded as parametric equations for L and E with parameter u 0 .
1 Nonzero contributions from the Wess-Zumino part can arise when B tu and/or B ty are nonzero (see [6] ). However, this occurs in a very restricted class of backgrounds.
Stability analysis
We now turn to a stability analysis of these configurations just discussed, our goal being to identify all parametric regions which are unstable and for which information obtained using the gauge/gravity correspondence cannot be trusted. In this section we generalize the results of [13] to non-diagonal metrics of the form (2.1) and we establish a series of results which will ultimately allow us to identify the stable and unstable regions by a combination of exact and approximate analytic methods.
Small fluctuations
To investigate the stability of the string configurations of interest, we consider small fluctuations about the classical solutions discussed above. In particular, we will be interested in three types of fluctuations, namely (i) "transverse" fluctuations, referring to the cyclic coordinates x i transverse to the quark-antiquark axis, (ii) "longitudinal" fluctuations, referring to the cyclic coordinate y along the quark-antiquark axis, and (iii)
"angular" fluctuations, referring to the non-cyclic coordinates θ a . The above fluctuations may be parametrized by keeping the gauge choice (2.7) unperturbed and perturbing the embedding as
Inserting this ansatz in the action (2.5) and expanding in powers of the fluctuations, we obtain the series 2) with the subscripts corresponding to the respective powers of the fluctuations. The zeroth-order term gives just the classical action. The first-order contribution reads
where ∂ a g ≡ ∂ a g(u, θ a )| θa=θ a0 and ∂ a f y ≡ ∂ a f y (u, θ a )| θa=θ a0 . The first term is a surface contribution which is exactly cancelled by a similar term with the opposite sign corresponding to the contribution of the linear order action coming from the fluctuations of the lower string (cf. (2.12)), provided we keep the variations of both strings at u = u 0 equal. The second term is a total time derivative and hence is completely irrelevant.
Finally, in the third term, the coefficient of δθ a is just the equation of motion of θ a and the requirement that it vanish leads indeed to the conditions (2.10). The second-order contribution is written as
again with all functions and their θ a -derivatives evaluated at θ a = θ a0 . Writing down the equations of motion of the fluctuations and introducing a harmonic time dependence,
we obtain the equations
for the transverse, longitudinal and angular fluctuations respectively. We see that the fluctuations generically couple to each other, satisfying a system of equations of the form
where the matrices
and the column vector γ = (γ i ) are read off from Eqs. (3.6). The problem is defined in the interval 8) and the boundary conditions for the fluctuations, determined by requiring that the string endpoints be held fixed and that the two parts of the string glue smoothly at u = u 0 read lim u→∞ δx i (u) = 0 , lim
These boundary conditions follow from a straightforward extension of the proof given in [13] and is essentially based on the fact that u = u 0 and u = ∞ present regular singular points of the system (3.6). Therefore, our stability analysis has reduced to a coupled system of Sturm-Liouville equations, with our objective being to determine the range of values of u 0 for which the lowest eigenvalue becomes negative.
Ideally, one would like to solve the above Sturm-Liouville equations exactly, obtain the lowest eigenvalue ω For the angular fluctuations, we will employ an alternative Schrödinger description which allows us to identify angular zero modes using either exact or approximate methods.
Zero modes
To motivate the significance of zero modes for our stability analysis, we consider a SturmLiouville system of the form considered earlier on and we let ω 0c , a task that may be accomplished using perturbative [13] or numerical methods. In fact, as we shall see later on, in all examples considered in this paper, a zero mode always signifies a change of sign of ω 2 0
i.e. marks the boundary between a stable and an unstable region.
Restricting to zero modes simplifies our problem tremendously, as the three equations in (3.6) decouple, reducing to
Using these simplified expressions, we will next prove that transverse zero modes do not exist and that longitudinal zero modes are in one-to-one correspondence with the critical points of the function L(u 0 ), and we will devise analytic methods for seeking angular zero modes. This is a fairly straightforward extension of the results of [13] .
Transverse zero modes
We consider first the case of the transverse fluctuations. Using the definition of F in (2.13), performing an integration by parts, and expanding about u = u 0 , we write the general solution of the first of (3.10) as
where the c i are constants. In order for this zero mode to exist, it must satisfy the first boundary condition in (3.9), which requires the coefficient of (u −u 0 ) 1/2 to vanish. As the matrix f −1 ij0 turns out not to admit any nontrivial null eigenvectors, 2 this is only achieved when all c i = 0 i.e. for the trivial solution δx i = 0. Therefore, the transverse fluctuations do not lead to zero modes of the system (3.6).
Longitudinal zero modes
Turning to the longitudinal fluctuations, the fact that they decouple from the rest in the zero-mode analysis implies that the results of [13] for the diagonal case hold in our case as well. In particular, in [13] it was proven that the longitudinal zero-mode solution can be expressed in terms of the u 0 -derivative of the length function as follows
In order for this zero mode to exist, it must satisfy the second boundary condition in (3.9), which requires the constant term to vanish. Therefore, the solution exists only if 13) or, equivalently, if [13] 14) which requires that the derivative term should change sign at least once as u ranges in the interval u ∈ [u 0 , ∞). Therefore, given the critical points of the length function, we may determine all values u 0c of u 0 where the system (3.6) has a zero mode. In view of our earlier remark that zero modes always signify a transition from a stable to an unstable region in our examples, the longitudinal instabilities for the various configurations of interest are as shown in Fig. 1 . Additional instabilities may arise from angular perturbations, so that part(s) of the curves, stable under longitudinal perturbations only, might be actually unstable.
Angular zero modes
We finally consider angular fluctuations, which must be treated separately due to the fact that the non-cyclicity of the angular coordinates induces a "restoring force" term in the corresponding Sturm-Liouville equation, implying that we cannot write δθ a in an explicit integral form, even in the zero-mode case. On the other hand, if we restrict to situations where the angular fluctuations are decoupled from the rest (which is indeed the case in most of our examples), the equation satisfied by each of the fluctuations can be easily brought to a Schrödinger form. This description allows us to determine the zero modes to quite high accuracy by using approximate methods. Following [13] , we outline the procedure below.
Letting θ be any of the decoupled non-cyclic angular variables, the Sturm-Liouville equation for its fluctuations reads
Employing the change of variables
we may transform Eq. (3.15) to a standard Schrödinger equation 17) with the potential
The problem is defined in the interval
which is finite, making the fact that the fluctuation spectrum is discrete manifest. The boundary conditions are simply
Note that, in general, Eq. (3.16) does not lead to a closed expression for u in terms of x and therefore it is not always possible to write down the potential as an explicit function
In what follows, we will encounter cases where V θ (x) can be determined exactly as well as cases where it may be adequately approximated by solvable potentials.
To develop our approximate methods, we first note that the behavior of the angular Schrödinger potential V θ (u; u 0 ) in the limits u → ∞ and u = u 0 is given by
and
where a, V ∞ and V 0 are finite quantities that depend on the parameter u 0 . When a 0, the potential expressed in terms of the variable x rises from a minimum value to infinity in the finite interval x ∈ [0, x 0 ], and hence it is reasonable to approximate it by an infinite well given by
With the boundary conditions (3.18) the energy levels read
When a = 0, this approximation is valid for both the ground state and the excited states.
When a > 0 however, the approximation is valid only for the ground state as excited states are affected by the details of the exact potential. In any case, we may determine the critical value u 0c by solving the equation ω 2 0 (u 0 ) = 0; clearly, a solution to this equation exists only if the average V is negative at least in a finite range of values of u 0 . The infinite-well approximation just described is to be used for obtaining an indication for the existence of zero modes and for estimating u 0c . In most cases, these estimates are quite close to the exact values, determined through numerical analysis.
Applications
Having developed the necessary formalism, we now turn to analyzing the stability properties of the string configurations of interest in backgrounds of boosted non-extremal D3-branes, spinning D3-branes and marginally-deformed D3-branes, all of which fall in the general category described by the metrics (2.1). For each case under consideration, we give the formulas for the length and the potential energy and we perform a stability analysis according to the guidelines of the previous section. Depending on the problem at hand, the regions of stability are determined by exact or approximate analytic methods, by the numerical solution of certain algebraic or transcendental equations, or by the numerical evaluation of certain integrals. In all cases, this represents a considerable improvement, both conceptual as well as practical, over the direct numerical solution of the differential equations governing the fluctuations.
Boosted non-extremal D3-branes
The first type of metrics we will consider are obtained by a boost of the metric for nonextremal D3-branes along one brane direction transverse to the quark-antiquark axis, say x. They are given by
where v is the boost velocity and γ = 1/ √ 1 − v 2 . The metric has a horizon at
while there also exists a velocity-dependent radius u γ = √ γµ u H beyond which the string cannot penetrate (see [14, 15, 16, 17, 19] for discussions). The Hawking temperature of the solution is given by T = µ/πR 2 . For the stability analysis for this metric, the "transverse" coordinates are (x, z, Ω 5 ), with x coupled to the longitudinal coordinate y, while no "angular" coordinates exist. This latter fact implies that the position of the string in the internal space can be arbitrary.
The calculation of the Wilson loops of section 2 for the above metric yields the potential for a quark and antiquark moving with velocity v with respect to a thermal plasma at a 
we find that the length and the potential energy read [15, 19] 
where 2 F 1 (a, b, c; x) is the standard hypergeometric function. The behavior of the length and the energy is as in Fig. 1c , with the maximal value of the length, L c (u 0 , γ), being a decreasing function of the velocity and satisfying the approximate law
indicating an enhancement of the dissociation rate of the quarkantiquark bound state with increasing velocity.
Turning to the stability analysis, our general results imply that the coupled system of the (δy, δx) fluctuations has instabilities for u 0 < u 0c (γ) where u 0c (γ) is the critical point of L(u 0 , γ). The latter is determined by the solution of (3.13) which leads to the transcendental equation
which can be obtained numerically. For the physically interesting case γ ≫ 1 (in which we also have u 0 ≫ 1) we can solve this equation perturbatively in 1/γ with the result
The results of the stability analysis just presented are summarized in the diagram of Fig. 2 . Note that the estimate (4.7) for u 0c (γ) is remarkably close to the exact numerical result even for low velocities. Our results are in accordance with those of the numerical analysis presented in [21] .
The above analysis may be extended to the case where the velocity and the axis of the quark-antiquark pair are not perpendicular but form an angle smaller than π/2.
For such a case, we may modify our ansatz (2.8) to include a variable x that has nontrivial dependence on u, while in the special case of motion parallel to the axis we may equivalently boost along the y instead of the x axis which would mean that the metric (2.1) would include an extra G ty term. Such string solutions were considered in [15, 17, 19, 20] and the behavior of the length and energy is again as in Fig. 1c . Hence we expect instabilities under longitudinal perturbations for u 0 < u 0c (γ), a fact that we have actually verified by a small-fluctuation analysis which is however too lengthy to be included here.
Spinning D3-branes
We next consider the case of spinning (non-extremal) D3-branes, dual to N = 4 SYM theory at finite temperature and R-charge chemical potentials. These metrics were found in full generality in [9] , based on previous results from [22] , and their thermodynamical properties were examined in [24] . In the conventions of [23] which we here follow, the field-theory limit of these solutions is characterized by the non-extremality parameter µ and the angular momentum parameters a i , i = 1, 2, 3. Here, we will restrict to two special cases, corresponding to two equal nonzero angular momenta, a 2 = a 3 = r 0 , and one nonzero angular momentum, a 1 = r 0 , to which we will apply our stability analysis.
Two equal nonzero angular momenta
For the case of two equal angular momenta, the metric reads
where
and dΩ
. The metric has a horizon at 10) and considerations of thermodynamic stability restrict the ratio λ ≡ µ/r 0 according to
where the two values refer to the canonical and grand-canonical ensembles respectively, with the former giving the lowest bounds in our examples. 3 For the stability analysis for this metric, the "transverse" coordinates are (x, z, ψ, φ 1,2,3 ), with φ 2,3 coupled to the longitudinal coordinate y, and the only "angular" coordinate is θ. The restriction (2.10) on the angular location θ 0 of the string allows only trajectories with θ 0 = 0 and θ 0 = π/2. To keep the discussion to a reasonable length, we will here restrict to the θ 0 = π/2 trajectories. For the trajectories with θ 0 = 0, the longitudinal and angular fluctuations may be analyzed in the same way, using the Schrödinger potentials given in appendix A for the latter case.
To examine the Wilson-loop computation, we switch to dimensionless units by setting
Then, we find that the length and the potential energy are given by the expressions and
which unfortunately cannot be evaluated in closed form. 4 Their behavior is as in Fig. 1c .
Turning to the stability analysis, our general results imply that the coupled system of the (δy, δφ 2,3 ) fluctuations has instabilities for u 0 < u
0c (λ) is the critical point of L(u 0 , λ). This value can be obtained by numerically solving the equation (3.14) which after some algebra takes the simple form
In order for a solution to exist, the integrand must change sign at least once in the interval u ∈ [u 0 , ∞). This requirement leads to the inequality λ < u 0 < λ 2 cos(φ/3), where cos φ = −1/λ 2 , hence φ ∈ [π/2, π]. Taking the upper bound as an equality, i.e.
0c (λ) = λ 2 cos(φ/3), gives a quite good approximation to the exact numerical result, as one can see by inspection of Fig. 3 .
Finally, for the angular fluctuations, the Schrödinger potential reads 16) implying that the infinite-well approximation is exact in this case. Therefore, the critical value of u 0 beyond which instabilities occur are obtained by using Eq. 3.24, which is in fact exact in this case, with V = −1 and solving the equation ω 2 0 = 0. The resulting equation has the form 17) and again can be solved numerically to give u 
One nonzero angular momentum
For the case of one angular momentum, the metric reads
and dΩ 2 3 is as before. This metric has a horizon at 20) and thermodynamic stability restricts λ ≡ µ/r 0 to the range 21) for the canonical and grand-canonical ensembles respectively. For the stability analysis, the "transverse" and "angular" coordinates are as before, but now it is φ 1 that couples to the longitudinal coordinate y. Again, the allowed trajectories have θ 0 = 0 or θ 0 = π/2, and only the latter case will be considered here. The dotted line corresponds to the curve drawn using the approximation described below (4.24).
Using the same rescalings as before, we find that the expressions for the length and energy read
which again cannot be evaluated in closed form. Their behavior is as in Fig. 1c .
Turning to the stability analysis, the coupled system of the (δy, δφ 1 ) fluctuations has instabilities for for u 0 < u 0c (λ) where u 0c (λ) is the critical point of L(u 0 , λ), obtained by numerically solving Eq. (3.14) which for our case reads
This equation has a solution only if the integrand changes sign at least once in the interval u ∈ [u 0 , ∞). This leads to the inequality u H < u 0 < u max (λ) where u max (λ) is the largest root of the numerator for which we will not present an explicit expression due to its complexity. As before, saturation of the upper bound gives a curve defined by u 0c (λ) = u max (λ) which gives a quite good approximation to the exact numerical result, as one can see by inspection of Fig. 4 .
Finally, for the angular fluctuations, the Schrödinger potential reads 25) implying that no angular instabilities occur. The results of the stability analysis are summarized in the diagram of Fig. 4 , which is qualitatively similar to Fig. 3 apart from the absence of angular instabilities.
Marginally-deformed D3-branes
We finally consider the Lunin-Maldacena deformations 
The conformal case
Starting from the deformation of the conformal AdS 5 × S 5 background, we rescale the deformation parameters as (β, γ, σ) → 2 R 2 (β, γ, g s σ) and we write the deformed metric as
where dΩ 2 5,β is the metric on the deformed S 5 , given by 27) and the functions G and H are given by
The solution also includes a nonzero B-field which, in the case when the deformation parameter γ vanishes, is equal to 29) and hence is of the form (2. For the present case, the potential energy E can be calculated explicitly as a function of L with the result
where k(σ) is an angle-and σ-dependent factor, given explicitly in the examples below, that becomes unity for σ = 0. The factor in parentheses is the result of [2] , giving the standard Coulomb behavior expected by conformal invariance. We note in passing that this factor is unaffected by turning on γ-deformations, unless the quarks are given a separation in the internal deformed sphere as well [29] .
Regarding stability, the transverse/longitudinal fluctuations are obviously stable, while the Schrödinger potentials for the angular fluctuations all have the form
where a θ,ψ (σ) are angle-and σ-dependent factors that can be read off the formulas of appendix A. The expression for the Schrödinger variable x in terms of u is
and, accordingly, the value of the endpoint x 0 is
Instabilities may occur only when one of a θ,ψ (σ) is negative. Although Eq. (4.32) cannot be inverted in terms of u to allow for an analytic solution of the Schrödinger problem,
we may obtain a lower bound for σ above which instabilities definitely occur. We first note that the infinite-well approximation is not valid here, as the potential satisfies Eq.
(3.21) with a < 0. To obtain our bound, we consider the limit u/u 0 ≫ 1, where x ≃ 1/u and V θ,ψ ≃ a θ,ψ (σ)/x 2 . Then, standard arguments from quantum mechanics [36] show that for, a θ,ψ (σ) < − 1 4 , this potential supports an infinite tower of negative-energy states and the solution becomes unstable for all u 0 . This gives the desired bound on σ. The results for the allowed trajectories are as follows:
• (θ 0 , ψ 0 ) = (0, π/4). For this case we have
Instabilities occur only from the δψ fluctuations for σ > 1/ √ 15 ≃ 0.258. Since in the UV all marginally deformed backgrounds approach (4.26), (4.27), the above bound is universal as long as the corresponding trajectory remains valid. This is indeed the case for the sphere and disc brane distributions we consider.
• (θ 0 , ψ 0 ) = (0, 0 or π/2). Here, we have 35) and no angular instabilities occur.
• (θ 0 , ψ 0 ) = (π/2, any). Here, we have 36) and again no angular instabilities occur.
• (θ 0 , ψ 0 ) = (sin −1 (1/ √ 3), π/4). Here, we have
Instabilities occur from both δθ and δψ fluctuations for σ > 3/28 ≃ 0.327. This bound does not survive in the multicenter cases we consider below since the corresponding trajectory is no longer valid.
Note that the existence of un upper bound for the deformation parameter σ beyond which stability breaks down is reminiscent of an analogous fact for giant gravitons on the pp-wave limit of the deformed background (4.26), (4.27), which exist only for values of σ < 1/ √ 12. These giant graviton solutions can be thought of as integrated perturbations around their infinitesimal size. This implies that every order in the small size perturbative expansion of the giant graviton solution is unstable if the above bound is not respected.
The different upper value for σ in this case should be attributed to the fact that the probes in the giant graviton case refer to D3-branes and not to strings.
The sphere
We next consider the deformation of the background corresponding to D3-branes distributed on a sphere of radius r 0 . Switching to dimensionless units by using Eq. (4.12),
we write the deformed metric as [31] 
,(4.38)
with 39) and H is given by (4.9). We also note that here there is a nonzero B-field which for γ = 0 is proportional to the expression given in (4.29). Now, the restriction (2.10) on the (θ 0 , ψ 0 ) of the string allows only for the first three trajectories considered earlier, namely (θ 0 , ψ 0 ) = (0, π/4), (θ 0 , ψ 0 ) = (0, 0 or π/2) and (θ 0 , ψ 0 ) = (π/2, any).
We next examine the potentials arising in each case in turn:
• (θ 0 , ψ 0 ) = (0, π/4). The length and potential energy read (see sec. 6.2 of [31] ) 40) and
Note that these results are independent of the deformation parameter γ. The reason is that, as remarked also in the conformal case, we have not separated the quarks in the internal deformed-sphere space. Wilson-loop potentials where such a separation was considered, but with vanishing σ-deformation, were computed in [29] .
For σ = 0, the behavior of the length and energy is the same as for the undeformed case (Fig. 1c) . As σ is turned on, the length and energy curves are reminiscent of van der Waals isotherms for a statistical system with u 0 , L and E corresponding to volume, pressure and Gibbs potential respectively (see e.g. [37] ). In particular, there exists a critical value of σ, given by σ (y) cr ≃ 0.209 (found analytically in [31] ), below which the system behaves like the statistical system at T < T cr (Fig. 1d) and above which the system behaves like the statistical system at T > T cr (Fig. 1b) . For nonzero σ, we have the usual Coulombic behavior for large u 0 (small L), while in the opposite limit, u 0 → 1, (large L), the asymptotics of (4.40) and (4.41) lead to the linear potential
To examine the significance of these results, it is crucial to examine the stability of the corresponding string configurations.
Our general results imply that the solution is stable under transverse perturbations. For the longitudinal fluctuations, the fact that L(u 0 ) has two extrema u Fig. 1d ) in the first case, and no instabilities (cf. Fig. 1b) in the second case. 5 To verify that the lowest eigenvalue ω We also note that, in the limit σ ≫ 1, the potential for the δθ fluctuations reads
and x can be explicitly determined in terms of u by (4.53). In this limit, the problem can be solved exactly (see appendix B), leading to the critical value u cr ≃ 0.258 the linear confining behavior for large distances is stable, after which it is wiped out first by the instability of the δψ fluctuations and subsequently by the δθ ones. Moreover, even for smaller values of σ, namely for 0 < σ < σ (y) cr ≃ 0.209, the confining behavior of potential is stable as we have discussed already.
• (θ 0 = 0, ψ 0 = 0 or π/2). The length and potential energy are the same as in the corresponding undeformed case, namely they are given by [4] 
Their behavior is as in Fig. 1c . • (θ 0 , ψ 0 ) = (π/2, any). In this case, the length and potential energy are again the same as in the undeformed case and are given by [4] 
The behavior is as shown in Fig. 1b . For u 0 ≫ 1 (small L), the behavior is Coulombic, whereas in the opposite limit, u 0 → 1 (large L), the asymptotics of (4.48) and (4.49) lead to the linear potential
In the undeformed case, the appearance of a linear confining potential is quite unexpected from the gauge-theory side and the paradox is resolved by the stability analysis of [13] which indicates that the configurations where this behavior appears are unstable under angular perturbations. However, for the deformed case, where N = 4 supersymmetry is broken to N = 1, the appearance of a confining potential is expected. Remarkably, this is confirmed by the stability analysis that follows:
We first note that the transverse and longitudinal fluctuations are manifestly stable, the latter fact following from the absence of extrema of L(u 0 ). For the angular fluctuations, the Schrödinger potential reads
whence we see that the effect of the deformation is to modify V θ (which, for the undeformed case equals −1) by a positive-semidefinite term. It is quite intuitive that the addition of this term will tend to stabilize the angular fluctuations. To see how this occurs, we note that in the present case, the Schrödinger variable x can be explicitly determined in terms of u as
where F(ν, k) is the incomplete elliptic integral of the first kind and k is the modulus defined in (4.50). Likewise, the endpoint x 0 is determined in terms of u 0 by
Then, as shown in detail in appendix B, the equation for the angular fluctuations takes the form (B.5) with A and h given by the second of (B.7). For general values of σ, this equation can be solved only numerically and the results are as shown in Fig. 6 . We verify that the critical point u 0c below which instabilities occur is a decreasing function of σ which implies that the region where confinement occurs is gradually stabilized as one increases σ.
We finally note that for the special values 4σ 2 = n(n + 1), where n is a positive integer, (B.5) reduces to the Lamé equation and can be solved exactly, as done in appendix B
for the particular case n = 1. The resulting value of u 0c , given in the second of (B.14), agrees with our numerical results. 
The disc
We finally consider the deformation of the background corresponding to D3-branes distributed on a disc of radius r 0 , which is obtained from the deformed sphere background by the analytic continuation r 
we recover the standard Coulombic behavior enhanced by the factor √ 1 + σ 2 , while for u 0 → 0 the asymptotics lead to the potential
which shows that there is complete screening at the screening length 
This potential is positive and, using the techniques of appendix B, one can then show that perturbation theory holds about σ → ∞. Thus, no instabilities occur in this limit.
For the δψ fluctuations, the same arguments used for the deformed conformal background for the same trajectory show that there exists another critical value σ • (θ 0 , ψ 0 ) = (0, 0 or π/2). In this case we find that the classical solution is the same as in the undeformed disc at
where cr above which there are no instabilities. Finally, the δψ fluctuations are stable in the undeformed case and hence are stable in the present case as well.
• (θ 0 , ψ 0 ) = (π/2, any). The length and potential energy are given by [4] L(u 0 ) = 2u
where now
and u > (u < ) denotes the larger (smaller) between u 0 and 1. Their behavior is as in Fig. 1a and, in particular, we have a screened Coulomb potential with screening length
By familiar arguments, the solution is stable under transverse and longitudinal perturbations, whose behavior is insensitive to the deformation. Regarding the angular fluctuations, the Schrödinger potential (equal to 1 in the undeformed case) now reads
and hence the solution is still stable under angular perturbations.
Discussion and concluding remarks
In this paper, we completed the analysis of our earlier work [13] by developing a formalism for studying the perturbative stability of strings dual to quark-antiquark pairs in a wide class of backgrounds with non-diagonal metrics and possibly a B-field turned on.
In particular, we derived a set of results by means of which the regions where instabilities occur can be determined by studying the zero modes of the differential equations governing the fluctuations. The simplifying fact making this extension possible is that, although the various fluctuations are generally coupled, their zero modes actually decouple so that the problem can be treated in an analytic manner similar to the diagonal case.
The methods developed here were applied to strings in boosted, spinning and marginallydeformed D3-brane backgrounds, dual to quarkonium states. For the case of boosted D3-branes, we easily recovered the result that instabilities appear for the energetically unfavored "long" strings stretching further into the radial direction. For the case of spinning branes, we found regions of instabilities due to both longitudinal and angular fluctuations. Finally, for the case of marginally-deformed D3-branes, we found that angular fluctuations tend to completely destabilize the classical solutions for large enough values of the deformation parameter σ, except for some special cases where the classical solutions are unaffected by the deformation and for which the deformation parameter σ may actually have a stabilizing effect. In particular, we found parametric regions giving rise to a linear confining potential for which the dual string configurations are stable.
As the methods developed here are completely general, we expect that they are directly applicable to other backgrounds and, in particular to other gravity duals of gauge theories with reduced or no supersymmetry. As such backgrounds typically involve a non-trivial dependence on certain angular coordinates, it would be particularly interesting to determine the parametric regions for which quarkonium string configurations in these backgrounds are stable under angular perturbations. Extending our formalism to fluctuations of general brane probes should be also possible. 
A Angular Schrödinger potentials
Here we collect, for reference purposes, the Schrödinger potentials for angular fluctuations for all metrics and trajectories considered in the present paper as well as in [13] .
Multicenter D3-branes
The only "angular" coordinate is θ. The Schrödinger potentials for the various trajectories are given below.
• Sphere, θ 0 = 0:
• Sphere, θ 0 = π/2:
• Disc, θ 0 = 0:
Spinning D3-branes
The only "angular" coordinate is θ as before. The Schrödinger potentials are given below.
• Two equal angular momenta, θ 0 = 0:
• Two equal angular momenta, θ 0 = π/2:
• One angular momentum, θ 0 = 0:
• One angular momentum, θ 0 = π/2:
Deformed D3-branes Now, the "angular" coordinates are θ and ψ, with ψ becoming irrelevant for the trajectories with θ 0 = π/2. The Schrödinger potentials are as follows.
• Conformal, (θ 0 , ψ 0 ) = (0, π/4):
• Conformal, (θ 0 , ψ 0 ) = (0, 0 or π/2):
(A.10)
• Conformal, (θ 0 , ψ 0 ) = (π/2, any):
• Sphere, (θ 0 , ψ 0 ) = (0, π/4):
• Sphere, (θ 0 , ψ 0 ) = (0, 0 or π/2):
where V θ (u; u 0 ) and V ψ (u; u 0 ) are the potentials for the corresponding undeformed case, with the former given by (A.1) and the latter given by a function which, since the ψ fluctuations in the multicenter case are stable, admits no negative-energy bound states.
• Sphere, (θ 0 , ψ 0 ) = (π/2, any):
• Disc, (θ 0 , ψ 0 ) = (0, 0 or π/2):
where V θ (u; u 0 ) and V ψ (u; u 0 ) are the potentials for the undeformed case, with the former given by (A.3) and the latter by a function admitting no negative-energy bound states.
• Disc, (θ 0 , ψ 0 ) = (π/2, any):
B Angular fluctuations and the Lamé equation
For the special cases of (i) the deformed sphere at θ 0 = 0 in the limit σ ≫ 1 and (ii) the deformed sphere at θ 0 = π/2 (for any σ), the Schrödinger equation for the angular fluctuations takes a relatively simple form that allows for explicit solutions. In both cases, the Schrödinger variable x is given in closed form in terms of u by Eq. (4.53), which can be inverted for u to yield
where sn(z, k) is the elliptic Jacobi function and
Weierstrass p-function, specified by the half-periods
or, equivalently, by the elliptic invariants g 2 = −4(e 1 e 2 + e 2 e 3 + e 3 e 1 ) , g 3 = 4e 1 e 2 e 3 , (B.3)
with the e i given by
and satisfying e 1 +e 2 +e 3 = 0. Substituting (B.1) into (4.44) and (4.52) to obtain explicit expressions for the potentials in terms of x, and making a further change of variables to z = √ 2u 0 x, we arrive at the following equation
subject to the boundary conditions 6) and to the requirement that Ψ(z) be real. Here, A and h stand for the constants
In the special cases where A = n(n + 1) (with n being a positive integer) Eq. (B.5) is just the Lamé equation, whose exact solutions are well-known (see e.g. [38] ). Although the construction of the specific solutions satisfying the boundary conditions (B.6) is rather cumbersome, it is instructive to consider the simplest possible case, n = 1, as a consistency check of our numerics. For this case, the zero-mode equation simplifies to
For the analysis that follows, it is convenient to define the quantities
When a = ω i , i = 1, 2, 3, the equation (B.8) possesses the linearly-independent solutions
where ζ(z) ≡ ζ(z | ω 1 , ω 2 ) and σ(z) ≡ σ(z | ω 1 , ω 2 ) are the Weierstrass zeta and sigma functions. 7 When a = ω i , the linearly-independent solutions are instead
For these two cases, the general solution reads Ψ(z) = C + Ψ + (z) + C − Ψ − (z) and Ψ(z) =
respectively. Imposing the condition Ψ(0) = 0, we obtain C + = C − and C i,1 = −ζ(ω i )C i,2 respectively, while using the reality condition for Ψ(z) we find that a must be real. For the case a = ω i , the condition Ψ ′ (ω 1 ) = 0 leads to the equation
which is to be solved for a in the square {0 Re a < 2ω 1 , 0 Im a < 2|ω 2 |} in the complex plane, due to the periodicity of the Weierstrass functions under a → a + 2mω 1 + 2nω 2 . The trivial zeros of (B.12) occur at the points a = ω i , i = 1, 2, 3 where either the first or the second factor in curly brackets vanishes. However, for these points, we actually have to use the second set of linearly-independent solutions (B.11). Doing so, Both results are in precise agreement with our numerical analysis.
7 Some properties of these functions, used in the derivation of (B.12), are ζ ′ (z) = −℘(z) , σ ′ (z) = σ(z)ζ(z) , ζ(z + 2ω 1,2 ) = ζ(z) + 2ζ(ω 1,2 ) , σ(z + 2ω 1,2 ) = − exp[2(z + ω 1,2 )ζ(ω 1,2 )]σ(z) .
C Soap films and strings in Rindler space
An example of the calculations considered here and in [13] has been presented recently in [39] and refers to open strings ending on branes in Rindler space and their stability properties. As is well-known, Rindler space is (a portion of) flat Minkowski space, expressed in coordinates adapted to an observer at constant acceleration. Such an observer experiences the Unruh effect, perceiving the inertial vacuum as a state populated by a thermal distribution of particles at a temperature T = κ/2π, where κ is the surface gravity. It is then natural to expect that an open string with fixed endpoints propagating in Rindler space will have similar properties as one propagating in a black-hole background and, in particular, will exhibit a phase structure of the type shown in Fig. 1c . In this appendix we prove the amusing fact that this problem is exactly equivalent to the classical-mechanical problem of the shape of a soap film suspended between two circular rings.
The metric for Rindler space has the form imposing the boundary conditions on the zero-mode solutions leads again to Eq. (C.6).
In both formulations, it is very straightforward to check that the lowest eigenvalue really changes sign from positive to negative as u 0 crosses u 0c from the right. In conclusion, the long strings with u 0 < u 0c are perturbatively unstable in the region where they exist.
